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Abstract
In this paper, the growth-induced bending deformation of a thin hy-
perelastic plate is studied. For a plane-strain problem, the governing PDE
system is formulated, which is composed of the mechanical equilibrium
equations, the constraint equation and the boundary conditions. By adopt-
ing a gradient growth field with the growth value changes linearly along
the thickness direction, the exact solution to the governing PDE system
can be derived. With the obtained solution, some important features of
the bending deformation in the plate can be found and the effects of the
different growth parameters can be revealed. This exact solution can serve
as a benchmark one for testing the correctness of numerical schemes and
approximate plate models in growth theory.
Key words : Hyperelastic plate, neo-Hookean material, Gradient growth field,
Exact solutions
1 Introduction
The growth-induced deformations in soft biological tissues have attracted ex-
tensive research interests in the field of biomechanics [1, 2, 3]. At the continuum
level, the mechanical models can be established within the framework of non-
linear elasticity theory [4]. To describe both the growth effects and the elastic
deformations of soft biological materials, the total deformation tensor is usu-
ally decomposed into the multiplication of an elastic strain tensor and a growth
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tensor [5]. As the elastic deformations of soft biological materials are generally
volumetric incompressible, some constraint equation needs to be incorporated in
the governing equation system. During the growth processes, mechanical insta-
bilities can be triggered accompanying the large deformations, which result in
various pattern formations on the morphogenesis of tissues [6]. In the existing
works, the instability phenomena in soft materials have been studied through
both linear and post-bulking bifurcation analyses [2, 7, 8].
Samples with thin plate forms are commonly observed in biological organs
or tissues, e.g., leaves, petals, skin. To study the mechanical properties of these
samples during the growth process, one usually needs to adopt an appropriate
plate theory. In the work of Dervaux and Ben Amar [9], the classical Fo¨ppl-
von Ka´rma´n (FvK) plate theory was generalized to study the growth of thin
hyperelastic samples. The plate equations were derived through a variational
approach, where growth act as a source of mean and Gaussian curvatures. This
Fvk-type plate theory has been applied in many different cases and the obtained
results can explain some interesting features of the mechanical behaviors of thin
hyperelastic samples [10, 11, 12]. However, applications of the Fvk-type plate
theory have some limitations, e.g., only in the range of small strains and some
scaling relations need to be satisfied. In the authors’ recent work [13], a consistent
finite-strain plate theory was proposed for incompressible hyperelastic materials,
which incorporates both the bending and stretching deformations and satisfies
certain consistency requirements with no ad hoc hypotheses. This plate theory
will be further developed to study the growth-induced large deformations in thin
hyperelastic plates. In our opinion, the different plate theories have their own
advantages and should be applied in different situations. To test the correctness
of an approximate theory, one sensible thing to do is to make comparisons with
some exact solutions. For finite elasticity, some exact solutions are available.
However, as far as the authors are aware of, no exact solution for inhomogeneous
deformation within the framework of growth theory has been reported. The main
aim of this paper is to present the exact solution for growth-induced bending.
More specifically, we shall study the large bending deformation of a hyper-
elastic plate induced by a gradient growth field. For simplicity, a plane-strain
problem is considered and the governing PDE system is formulated, which is
composed of the mechanical equilibrium equations, the constraint equation and
the boundary conditions. By choosing a specific growth field with the growth
value changes linearly along the thickness direction, the exact solution to the
governing system can be derived. With the obtained solution, some important
features of the bending deformation in the plate can be found and the effects
of the different growth parameters can be revealed. We expect that this exact
solution can be used as a benchmark problem for evaluating the different plate
models for testing the correctness of numerical schemes in growth theory.
This paper is organized as follows. In section 2, the governing PDE system
of the model is formulated. In section 3, the exact solution of the governing
system is derived. Some further discussions are given in section 4. Finally, some
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Figure 1: (a) The 3D reference configuration of the hyperelastic plate; (b) illus-
tration of the bending deformation of the plate induced by the gradient growth
field.
conclusions are drawn.
2 Governing PDE system
We consider a thin hyperelastic plate, which occupies the region Ω0 = [−L, L]×
[0, Y0] × [0, 2h] in the initial state (cf. Fig. 1a). The coordinates of a material
point in the plate is denoted as (X, Y, Z) in the reference configuration (i.e., the
initial state) and (x, y, z) in the current configuration. Suppose that this plate
undergoes uniaxial growth along the X-axis. The growth tensor can be written
as G = diag(λ(X, Y, Z), 1, 1), where λ(X, Y, Z) is denoted as the growth function.
The uniaxial growth also results in the elastic deformation of the plate. Following
the approach of Rodriguez et al.[5], the total deformation gradient tensor F can
be decomposed into
F = AG, (1)
where A is the elastic deformation tensor. Generally, the elastic deformations of
biological soft materials are incompressible, thus we have the constraint equation
R0(A) = DetA− 1 = 0. (2)
For simplicity, we suppose that the plate undergoes plane-strain deformations
along the Y -axis. In this case, we have y = Y and x, z and λ only depend on the
coordinates X and Z. The total deformation tensor F and the elastic deformation
tensor A can then be written as
F =

 xX 0 xZ0 1 0
zX 0 zZ

 , A =


xX
λ
0 xZ
0 1 0
zX
λ
0 zZ

 , (3)
To derive some concrete results, we suppose that the plate is made of incom-
pressible neo-Hookean materials, which has the elastic strain-energy function
φ0(A) = C0
[
tr(AAT )− 3
]
, (4)
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where C0 is a material constant. With the expression of φ0 and by considering
the constraint equation (2), the nominal stress tensor can be calculated through
[2, 9]
S =JGG
−1
(
∂φ0(A)
∂A
− p
∂R0(A)
∂A
)
= JGG
−1
(
2C0A
T − pA−1
)
=

 −pzZ +
2C0xX
λ
0 pxZ +
2C0zX
λ
0 (2C0 − p)λ 0
pzX + 2C0λxZ 0 −pxX + 2C0λzZ

 ,
(5)
where p(X,Z) is a Lagrange multiplier and JG = DetG represents the fact that
elastic strains are computed from the grown state but not from the reference
state.
In the plate region, we have the mechanical equilibrium equation DivS = 0,
which yields the following two equations
2C0xZλZ − pXzZ + pZzX +
2C0
λ2
(
λ3xZZ − λXxX + λxXX
)
= 0, (6)
2C0zZλZ + pXxZ − pZxX +
2C0
λ2
(
λ3zZZ − λXzX + λzXX
)
= 0. (7)
With the expression of A given in (3), the constraint equation (2) can be rewritten
as
1
λ
(xXzZ − xZzX)− 1 = 0. (8)
All the surfaces of the plate are supposed to be traction-free in the XZ-plane,
thus we have the following boundary conditions
S31|Z=0,2h = 2C0λxZ + pzX |Z=0,2h = 0,
S33|Z=0,2h = 2C0λzZ − pxX |Z=0,2h = 0,
S11|X=−L,L =
2C0xX
λ
− pzZ |X=−L,L = 0,
S13|X=−L,L =
2C0zX
λ
+ pxZ |X=−L,L = 0.
(9)
Furthermore, to remove the freedom of rigid body motion of the plate, we also
need to propose the following restrictions
x(0, 0) = z(0, 0) = 0, x(0, 2h) = 0. (10)
Equations (6)-(8) together with (9) and (10) formulate the governing PDE
system of the current model. Corresponding to the different growth field distribu-
tions λ(X,Z), the governing system can be solved to determine the deformations
of the plate. In this work, we shall consider the following gradient growth field
λ(X,Z) = λ0 + λ1Z, (11)
and try to derive the exact solution to the governing system.
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3 Derivation of the exact solution
In this section, we shall derive the exact solution to the governing system
(6)-(10) subject to the gradient growth field (11). Without loss of generality, the
half length of the plate L is taken to be 1, then h just represents the thickness-
length ratio of the plate. It can be seen that the growth function λ(X,Z) given
in (11) is independent of X and varies linearly along the thickness of the plate,
thus we suppose that the plate will undergo a pure bending deformation. For
convenience, we use the cylindrical coordinate system (θ, y, r) to represent a point
in the current configuration (cf. Fig. 1b). Then, the bending deformation of the
plate can be described by

θ(X,Z) = αX, −L 6 X 6 L,
r(X,Z) = r(Z), 0 6 Z 6 2h,
p(X,Z) = p(Z), 0 6 Z 6 2h,
y = Y, 0 6 Y 6 Y0,
(12)
where α is the bending angle to be determined. By using (12), the Cartesian
coordinates {x, z} can be expressed as
x(X,Z) = r(Z) sin(αX), z(X,Z) = r(Z) cos(αX)− r(0). (13)
It can be seen that the restrictions given in (10) are automatically satisfied by
(13). Substituting (13) into the governing system (6)-(9) and through some ma-
nipulations, we obtain the following two equations
−
2C0α
2r(Z)
λ(Z)
− αr(Z)p′(Z) + 2C0r
′(Z)λ′(Z) + 2C0λ(Z)r
′′(Z) = 0, (14)
αr(Z)r′(Z)
λ(Z)
− 1 = 0, (15)
and the boundary conditions
λ(Z)
(
2C0r
′(Z)−
p(Z)
r′(Z)
)
|Z=0,2h = 0,
2C0αr(Z)
λ(Z)
−
p(Z)λ(Z)
αr(Z)
|X=−1,1 = 0.
(16)
Then, the original PDE system (6)-(10) has been reduced to the ODE system
(14)-(16).
Remark: If we use the Cartesian coordinate (X, Y, Z) for a reference point and
the cylindrical coordinate system (θ, y, r) for a current point, the deformation
tensors and the nominal stress tensor can be rewritten as
F =

 αr(Z) 0 00 1 0
0 0 r′(Z)

 , A =


αr(Z)
λ(Z)
0 0
0 1 0
0 0 r′(Z)

 , (17)
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and
S =


−2C0αr(Z)
λ(Z)
− p(Z)λ(Z)
αr(Z)
0 0
0 (2C0 − p(Z))λ(Z) 0
0 0 λ(Z)
(
2C0r
′(Z)− p(Z)
r′(Z)
)

 .
(18)
With the expressions of F, A and S, the mechanical equilibrium equations, the
constraint equation and the boundary conditions can be established directly,
which are just equivalent to the ODE system (14)-(16).
The ODE system (14)-(16) can be solved directly. First, from (16)2, it can
be obtained that
p(Z) =
2C0α
2r2(Z)
λ2(Z)
. (19)
By substituting the expression of λ(Z) (i.e. Eq. (11)) into (15), we obtain an
ODE of r(z), which can be solved to give
r(Z) =
√
2λ0
α
Z +
λ1
α
Z2 + 2c1, (20)
where c1 is a constant to be determined. Further substituting (19) and (20) into
(16)1, we obtain two algebraic equations for α and c1, which have the solution
α = λ1, c1 =
λ20
2λ21
. (21)
With the solution given in (19)-(21), it can be checked that equation (14) is
automatically satisfied. Thus, we have derived the following solutions to the
ODE system (14)-(16)
r(Z) =
λ0
λ1
+ Z, α = λ1, p(Z) = 2C0. (22)
By substituting (22) into (13), the exaction solution in the rectangular coordinates
can be obtained.
4 Discussions
Based on the exact solution obtained in section 3, we can give some further
discussions on the large bending deformation of the plate induced by the gradient
growth field (11). First, through some simple analyses, the following features of
the bending deformation can be obtained:
• After the deformation, the configuration of the plate becomes a segment of
a circular ring with inner radius λ0/λ1 and outer radius λ0/λ1 + 2h, which
implies that the thickness of the plate always equals 2h.
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• The section plane perpendicular to the axial line of the plate (i.e., the X-
axis) in the initial configuration keeps flat and perpendicular to the axial
line after the bending deformation.
• The layers in the plate with different values of Z, including the lower (Z = 0)
and upper (Z = 2h) surfaces of the plate, have the same bending angle
α = λ1.
• During the growth process, no elastic deformation takes place in the plate
and the components of the nominal stress tensor are always equal to zero,
i.e., no residual stress appears in the plate.
Besides that, the influences of the growth parameters λ0 and λ1 on the de-
formations of the plate can be revealed. In Fig. 2, the current configurations of
the plate corresponding to the different values of λ0 and λ1 are plotted, where the
thickness-length ratio h = 0.1. From Fig. 2a, it can be seen that corresponding to
the different values of λ1, the plate becomes some circular segments with different
radii and bending angles. In fact, the bending angle of the plate just equals λ1
(cf. Eq. (21)1). The plate keeps flat when λ1 = 0 and becomes a closed circular
ring when λ1 = pi. From Fig. 2b, we find that with given value of λ1, λ0 just
represents the elongation (λ0 ≥ 1) or shortening (λ0 < 1) of the plate along the
axial direction. As mentioned before, the values of λ0 and λ1 have no influence
on the thickness of the circular segment.
5 Conclusions
In this work, we studied the growth-induced large bending deformation in a
thin plate made of incompressible neo-Hookean materials. For a gradient growth
field with the growth value changes linearly along the thickness direction, we
derived the exact solution to the governing PDE system. Based on the exact
solution, some important features of the bending deformation can be found. The
influences of the growth parameters on the current configurations of the plate can
also be revealed.
Although the model studied in the current work is simple, it can be viewed as
the prototype of many biological samples undergoing natural growth. The results
obtained here would be useful for future studies of growth-induced deformations
in thin hyperelastic plates. Also, this exact solution can be used as a benchmark
problem for validating different approximate plate models and numerical schemes
in growth theory.
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